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1 Introduction
Shadows are an important part of the image generation proc-
ess since they reveal information about the three-dimensional
(3-D)-positions and shapes of objects in a scene. In the vis-
ible spectrum, reflection is the dominant physical process
underlying perception. Consequently, shadows resulting
from the occlusion of direct rays from light sources or indi-
rect rays, which have been reflected from other surfaces, are
dominant.

On the other hand, in the infrared spectrum, especially in
the long-wave infrared range (8 to 12 μm), most objects in a
natural scene are self-luminous. Therefore, direct infrared
radiation from surfaces to a detector is the dominant physical
process and reflected rays play only a minor role. Contrary to
visual shadows, thermal shadows are a cumulative shadow
history of the recent past as they reduce the radiance in
the shadowed region. As a consequence, thermal shadows
are delayed compared to visual shadows and the transition
range between light and shadow—the so-called penumbra—
tends to become wider. Figure 1(a) shows a typical infrared
image in the 8 to 12 μm range at noontime. The buildings in
the left and upper half of the image cast thermal shadows
onto the road in the lower half.

Infrared imaging is widely used for tracking or target
detection algorithms, for example in the seekers of fire and
forgotten missile systems. These algorithms often perform
edge detection as a preprocessing step. The detected edges
are then matched with those previously known from 3-D-
models of landmarks or targets. In this situation, detected
edges caused by shadows may result in matching errors.
Figure 1(b) shows an example of a Sobel filter kernel applied
to an IR image with thermal shadows.

However, for simulations with real-time synthetic infrared
image generation, such as hardware in the loop simulations
of infrared seekers, thermal shadows are often neglected or

precomputed as they require a thermal balance calculation in
four-dimensions (3-D geometry in one-dimensional time up
to several hours in the past). Therefore, the simulations are
often either limited to static configurations or a trade-off
between quality and performance.

In this article, we present an approximation of thermal
shadows resulting from the occlusion of direct rays from IR
emitters. Our approach uses programmable graphics cards to
achieve real-time frame rates in scenes with dynamic geom-
etry. Our idea is to approximate the thermal behavior of a
surface and utilize soft shadow algorithms to apply the
approximation in real-time.

Preliminary results of the measurements and the proposed
algorithm were reported in prior publications.1,2

2 Literature Review
As the herein presented algorithms calculate shadows in the
context of thermal calculations, we review the related work
for shadow algorithms in computer graphics as well as
existing thermal shadowing algorithms.

2.1 Real-Time Soft Shadow Algorithms in the Visible
Spectrum

The rendering of soft shadows has been studied extensively
over the last years. Therefore, we focus our review on pub-
lications closely related to our work. For an exhaustive sur-
vey on other methods see Eisemann et al.3

Shadow mapping4 is a widely used algorithm for gener-
ating shadows in real-time rendering. The idea is to use a
depth map for simplifying the occlusion test. A scene is
first rendered from the light’s point of view and the depth
values are stored in a depth map (also known as a shadow
map). In a second render pass, the scene is rendered from the
observer’s point of view and the depth values are trans-
formed into the light’s point of view. A pixel is classified to
be in shadow if the depth in the depth map is smaller than the
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transformed depth value from the observer’s point of view.
Percentage closer filtering (PCF)5 extends this idea for gen-
erating soft shadows by making multiple shadow compari-
sons within a user defined filter window in the depth
map. The shadowing factor is then built by averaging the
results. To generate contact-hardening soft shadows with
PCF, Fernando6 proposed the method of percentage closer
soft shadows (PCSS). He introduced an occluder search as
a preprocessing step, where the depth map is sampled to cal-
culate an average occluder depth for each screen space pixel
and a penumbra width with a parallel planes approximation.
Finally, the penumbra width is used to scale the PCF filter
window.

2.2 Shadow Algorithms in the Infrared Spectrum

Cathcart7 realized thermal shadows by modeling an addi-
tional geometry in the form of an apron around shadow cast-
ers and assigned optical properties to it. However, this
approach requires an adaption of the scene geometry and
thus is not efficient for scenes with dynamic geometry.
Poglio et al.8 adaptively triangulated a scene composed of
layered, homogeneous patches. The image generation is real-
ized with radiosity and shadows are computed using shadow
maps. Biesel and Rohlfing9 presented a real-time infrared
image generation based on steady state heat equations. How-
ever, shadows are neglected. Schott et al.10 combined an
unsteady-state thermal model with a ray-tracer to calculate

the radiance reaching a sensor. However, this approach is
not suited for real-time simulations. Joly11 calculated thermal
shadows by sampling the sun position in the recent past
using ray-tracing, however, this approach is for nonreal-time
simulations only.

To the best of our knowledge, this is the first article
describing an approximation of thermal shadows that is suit-
able for real-time simulations with dynamic geometry.

3 Experimental Setup and Numerical Simulation
In order to validate our approach, we performed an experi-
ment where a thermal shadow is measured using infrared im-
aging. Our setup for the acquisition of infrared images was as
following:

• The images were acquired with a “JADE UC33 Ex”
infrared camera with a FOV of 14 deg (focal length
of 16 mm) in the 8 to 12-μm wavelength range.

• We measured the shadow of a black polystyrene block
standing on an asphalt road [Figs. 2(a) and 2(b)].
However, the surface layers are not well known for
the measured area and have been assumed to consist of
a top asphalt layer, followed by a bed of gravel and a
dry soil layer.

• The images were taken on a sunny day in August with
some high-cirrostratus clouds.

Fig. 1 Example of an infrared image with thermal shadows. (a) Infrared image (8 to 12 μm range) with
thermal shadows from the building on the left side. (b) Result of a Sobel filter applied to the IR image.
Additional edges introduced by thermal shadows are marked in red.

Fig. 2 Test setup for the measurement. (a) Unit under test (black polystyrene block) on an asphalt road
with its visible shadow. (b) Detail view of the asphalt surface with reference white and black areas (right
side) for albedo determination.
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• Image acquisition began at 10 am and an image was
captured each minute.

• The camera calibration was performed using a black-
body radiator by acquiring images at two different
temperatures.

An example of a range of measured infrared images with
our setup is shown in Fig. 3. These images show the poly-
styrene block on the left-hand side of each image and the
resulting shadow on the asphalt road. The image in Fig. 3(a)
was recorded 2 min after the polystyrene block had been
placed on the surface. Figure 3(b) shows the result after
10 min, and Fig. 3(c) shows the resulting shadow after
40 min.

The properties of a thermal shadow can be seen in Fig. 4.
The surface temperature of points which came recently into
shadow, decreases quickly as is indicated by the narrow red,
yellow, and green areas in the false color plot. Only the top
asphalt layer is cooled down by the shadow. Due to the
higher thermal capacity in the subjacent bed of the gravel
layer, the temperature drop from medium to low is slower
in the central shadow region. This is indicated by the broader
cyan and blue areas in the false color plot.

In the right parts of the image in Fig. 4, the result is vice
versa: the blue and cyan ranges are small due to the fast tem-
perature rise in the areas which recently came out of the
shadow. The green and yellow ranges up to red are bigger
since now the subjacent bed of the gravel layer of the road
must be heated up.

3.1 Numerical Simulation

The measured thermal shadow is the starting point for devel-
oping an approximation. The first step in this process is to
build a thermal model representing the measurement condi-
tions and to perform numerical simulations in order to val-
idate it.

For a thermal model representing the measured surface,
the layer materials and their thicknesses must be known.
As the layers are not well known for the measured area, we
assume a top asphalt layer with a thickness of 5 cm, a bed of
gravel of 20 cm, and a dry soil layer of 75 cm. The thickness
of the soil layer is not important as it has no influence on the

surface temperature within the considered measurement time
range. The thermal model of these layers was built-up by
choosing a series of layers with thicknesses to be doubled
with increasing depth, starting with a top layer thickness
of 1 mm.

The top layer material is the most important one for the
surface temperature. However, the surface characteristics of
the top layer vary as it consists of gravel stones and bitumen.
In order to create a model for this material, we determine the
albedo of the surface by taking a photograph of the surface
with reference white and black areas [Fig. 2(b)]. With an esti-
mated albedo of 0.95 and 0.05 for white and black areas, the
mean albedo of the asphalt surface was estimated to be 0.4.

We used RadTherm12 to perform the numerical simula-
tions. Table 1 shows the used heat conductivity λ, the specific
density ρ, and the specific heat c for the thermal model.
Furthermore, we used an emissivity of 0.93 for the asphalt
surface (taken from the material database of RadTerm12). In
order to minimize the effect of the chosen initial surface con-
dition, the temperature was determined for a time period

Fig. 3 Measured thermal shadow from the unit under test in the 8 to 12 μm range starting at 10:10 am
(false color representation, temperature scale in Kelvin). Note that the temperatures in these images also
include the reflected radiation of the surface itself (see Sec. 3.1 for details). (a) Shadow after 2 min.
(b) Shadow after 10 min. (c) Shadow after 40 min. The rectangles show the used areas for computing
the mean temperatures.

Fig. 4 Measured thermal shadow of the experiment with a different
camera perspective at 1:00 pm (temperatures in Kelvin).
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starting from more than 24 h prior to the beginning of the
surface shadowing.

The thermal behavior of a surface can be characterized by
comparing the shadowed surface temperature with the sunlit
surface temperature. As the top layer has a nonuniform tem-
perature distribution due to the gravel stones and bitumen,
we compare the mean temperatures in two extended areas.
However, these mean temperatures, determined out of the
infrared image, are still not the physical temperatures of
the surfaces since the image contains the additional contri-
bution of the infrared radiation reflected by the surface itself.
This contribution is significant, especially for the sunlit sur-
face, and was taken into account by calculating the sun irra-
diance in the camera wavelength range with MODTRAN.13

The calculated temperature shown in Fig. 5 complies well
with the measured temperature and validates the ther-
mal model.

3.2 Analytical Solution

The thermal shadowing problem will be analyzed for an in-
finitely extended homogeneous layer. This reduces the prob-
lem to a dimension of 1. The spatial coordinate x is chosen to
be x ¼ 0 at the lower boundary and x ¼ L at the surface,
where L is the thickness of the layer (i.e., a 5-cm asphalt
layer). The surface temperature T depends on the balance of
energy fluxes entering and leaving the surface layer. The
thermal behavior of the layer can be expressed with the
Fourier differential equation:14,15

dT
dt

¼ κ
∂2T
∂x2

; (1)

where κ is the thermal conductivity. The thermal conduc-
tivity is determined by the heat conductivity λ, the specific
density of the surface layer ρ, and the specific heat of the
surface layer c:

κ ≡
λ

ρc
: (2)

The solution of the differential equation is shown in text-
books on heat transfer14,15 and can be applied to a wide range
of conditions by introducing dimensionless physical param-
eters. For the dimensionless temperature, a radiation temper-
ature TR is introduced which is determined by

εσT4
R ≡ αSþ εRL; (3)

where σ is the Stefan–Boltzmann constant, α is the surface
absorptivity, ε is the surface emissivity, S is the sun irradi-
ation flux (direct and diffuse), and RL is the long-wave radi-
ation flux of the atmosphere.

Other contributions could occur on the right-hand side of
the equation, such as the turbulent heat exchange with the
atmosphere. These contributions usually are of minor impor-
tance compared to those shown in Eq. (3) and therefore are
omitted for the present analysis.

Usually, the surface temperature T is comparatively close
to the equilibrium temperature and therefore the difference
ΔT ≡ T − TR is small, hence a heat transfer coefficient a
concerning the radiation balance can be defined:

a ¼ 4εσT3
R: (4)

With these definitions, the following dimensionless
parameters can be defined:

Temperature:

θ ≡
T − TR

T0 − TR
; (5)

where T0 is the temperature at t ¼ 0.
Length:

ξ ≡
x
L
: (6)

Fourier number:

Fo ≡
κt
L2

: (7)

Biot number:

Bi ≡
aL
λ
: (8)

The boundary conditions for the problem now can be
written as:

1. The initial dimensionless temperature at the surface
(ξ ¼ 1): θðFo ¼ 0; ξ ¼ 1Þ ¼ 1.

2. Adiabatic boundary at ξ ¼ 0: ∂θ∕∂ξjξ¼0 ¼ 0.

Table 1 Material parameters for the thermal model.

λ (W∕mK) ρ (kg∕m3) c (J∕kgK)

Asphalt 2.0 2700 774

Gravel 2.2 2800 750

Dry soil 1 1500 1840

Fig. 5 Measured and calculated temperature differences between a
shadowed and a sunlit surface area (logarithmic temperature axis).
The used regions for the mean values are shown in Fig. 3.
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3. Convective heat transfer between the surface and a
fluid: ∂θ∕∂ξjξ¼1 ¼ −Bi · θðFo; ξ ¼ 1Þ.

With the dimensionless variables and these boundary con-
ditions, the solution is determined as a Fourier series:

θðFo; ξÞ ¼
X∞

k¼1

Ck cosðδkξÞe−δ2kFo: (9)

The eigenvalues δk are determined by solving the tran-
scendental equation:

tanðδÞ ¼ Bi
δ
: (10)

The coefficients Ck can be determined from the initial
temperature profile θð0; ξÞ:

Ck ¼
R
1
0 θð0; ξÞ cosðδkξÞdξR

1
0 cos2ðδkξÞdξ

: (11)

4 Proposed Approximation
In order to enable a real-time simulation, our idea is to
approximate the thermal behavior of a surface. The thermal
behavior represented by Eq. (9) can be separated into
two parts—the long-time and the short-time behaviors.
Equation (10) shows that there is an infinite number of eigen-
values. With increasing k, the difference of the eigenvalues
quickly converges toward π. After a long enough time
period, all exponential functions in Eq. (9) with k > 1 are
negligible, and the surface temperature (ξ ¼ 1) can be rep-
resented by the first term in the Fourier series (see Ref. 16):

θðFo; 1Þ ¼ C1 cosðδ1Þe−δ21Fo: (12)

The long-time behavior therefore is represented by an
exponential law, which is confirmed by the measurements
and numerical calculations as shown in Fig. 5.

However, for short times, the Fourier series converges
slowly, and thus a large number of terms must be calculated.
The temperature decrease at the beginning of the shadowing
strongly depends on the temperature profile of the upper
layers. This can easily be seen in Eq. (11) which shows
that the coefficients Ck depend on the initial profile θð0; ξÞ.
For example, the calculated temperature profile for the

simulation in Sec. 3.1 is shown in Fig. 6. The red areas at
the top of the image show the heating of the top surface
layer during solar irradiation. The figure clearly shows the
intrusion of the heat into deeper layers with time.

In the literature, the short-time behavior can be approxi-
mated with semi-infinite bodies for small Fourier numbers.15

However, this approach assumes a constant temperature dis-
tribution within the body. Vollmer17 showed that a series of
exponential functions can be used to describe the cooling of a
surface. Therefore, in order to support a temperature profile
θð0; ξÞ ≠ const in the surface layers, we approximate the
short-time behavior by an exponential law as well.

Now, we have two separate exponential functions for the
long- and short-time behaviors. In order to create a continu-
ous function, we weight both functions using a weighting
term. We determine the weighting term as well as the remain-
ing parameters for the exponential functions by fitting them
against the results of numerical simulations using thermal
models. Our approach for the dimensioned surface temper-
ature can be expressed as

Tðt;τ0;τ1;β0;β1Þ¼TeqðtÞþΔTβ0e−τ0tþΔTβ1e−τ1tþΔTeqðtÞ;
(13)

where Teq is the equilibrium temperature, ΔT is the temper-
ature difference that should be balanced, ΔTeq is the change
in the equilibrium temperature, β0 and β1 are the short- and
long-time material specific weighting factors, and τ0 and τ1
are the material specific time constants for the short- and
long-time solutions.

4.1 Parameter Estimation

The time constant for the long-time solution is determined by
the first term of the Fourier series:

τ1 ¼
δ21κ

L2
; (14)

with the eigenvalue δ1, the Biot number Bi, and the
thermal conductivity κ of the material as well as the specific
length L.

The weather conditions are taken into account by the heat
transfer coefficient, which is included in the Biot number
according to Eq. (8). However, the analytic solution above
is for homogeneous infinite layers. In order to simulate a
body with finitely extended layers, the specific length L
can be replaced by a heat diffusion length (see Refs. 14
and 15):

L ¼ 2
ffiffiffiffi
κt

p
: (15)

In order to calculate the material specific weights β0, β1 as
well as the time constant τ0 for the short-time solution,
we use nonlinear least-squares curve fitting. Let y be the
result of a reference decaying curve which we want to fit.
The squared difference between the reference curve and
our approximation is then minimized using a trust region
algorithm:18
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Fig. 6 Temperature profile of the simulation performed in Sec. 3.1 for
a 2-day period.

Optical Engineering 053113-5 May 2014 • Vol. 53(5)

Klein et al.: Incorporation of thermal shadows into real-time infrared three-dimensional image generation



min
τ0;β0;β1

jy − Tðti; τ0; τ1; β0; β1Þj2: (16)

4.2 Improving the Convergence of the Nonlinear
Least-Squares Fitting

The approximation of the thermal behavior of a surface pre-
sented in Eq. (13) is a nonlinear problem. In order to find the
parameter τ0, a nonlinear least-squares fitting is used.
However, the weighting terms β0 and β1 are linear. This
property can be used to improve the convergence of the
fit by using a variable projection.19,20

The idea is to separate the fitting of the linear and the non-
linear parameters. Using the notation of O’Leary and Rust,20
the linear parameters in Eq. (16) are replaced by the func-
tionals β0ðτ0Þ and β1ðτ0Þ.
min
τ0

jy − T½ti; τ0; τ1; β0ðτ0Þ; β1ðτ0Þ�j2: (17)

The functionals β0ðτ0Þ and β1ðτ0Þ are estimated using a
linear least-squares approach for the given, fixed value of τ0:

min
β0;β1

jy − Tðti; τ0; τ1; β0; β1Þj2: (18)

For the weather conditions and the materials shown in
Sec. 3.1, a time constant τ1 of 1∕4180 can be determined
if L ¼ 0.1 m is chosen corresponding to a measurement
time of 3000 s. The remaining parameters have been esti-
mated using the variable projection above:

TðtÞ ¼ TeqðtÞ þ ΔT · 0.0618 · e−0.00904t þ ΔT · 0.9318

· e−
t

4180 þ ΔTeqðtÞ: (19)

5 Implementation
In order to implement the proposed approximation for real-
time simulations, we need to determine an equilibrium tem-
perature in each time step. Our idea is to use precomputed
sun and shadow temperatures for each material to derive an
equilibrium temperature. We assume that the temperature of
a sunlit surface converges toward the precomputed, time-de-
pendent sun temperature. Shadowed surfaces, on the other
hand, converge toward the shadow temperature. Using this
assumption, we determine the equilibrium temperature by
interpolating between the sun and shadow temperatures
with a shadow factor.

The sun temperature is calculated by performing a
numerical simulation, where the solar irradiance is included.
On the other hand, the solar irradiance is excluded in the
shadow temperature. Figure 7 shows the sun and shadow
temperature curves for the asphalt road.

For the implementation, the following assumptions
are made:

• The temperature is linearly dependent on the shadow
factor.

• The varying solar irradiation and the resulting changes
in the sun and shadow temperatures can be approxi-
mated by an additive term. This seems appropriate
as long as the variation is slow.

• The time constants of the two exponential functions
within the algorithm are constant for all time steps.

5.1 Iterative Formulation

In order to implement the proposed approximation on pro-
grammable graphics cards, we formulate Eq. (13) in an iter-
ative way.

The surface temperature at the i’th iteration can be
defined as

TðiÞ ¼ TeqðiÞ þ ΔT0ðiÞ þ ΔT1ðiÞ þ ΔTeqðiÞ; (20)

where TeqðiÞ is the equilibrium temperature, ΔTeqðiÞ is the
change in the equilibrium temperature, and ΔT0ðiÞ and
ΔT1ðiÞ are the contributions of the short- and long-time ther-
mal solutions.

The equilibrium temperature TeqðiÞ is given by

TeqðiÞ ¼ fðiÞTSunðiÞ þ ½1 − fðiÞ�TShadowðiÞ; (21)

where fðiÞ is the shadow factor with 0 ¼ shadow and
1 ¼ lit, TSunðiÞ is the precomputed sun temperature, and
TShadowðiÞ is the precomputed shadow temperature. The
change in the equilibrium temperature is defined as

ΔTeqðiÞ ¼ TeqðiÞ − Teqði − 1Þ: (22)

Finally, the contributions of the short- and long-time ther-
mal solutions can be expressed as

ΔT0ðiÞ ¼ ½ΔT0ði − 1Þ þ ΔTðiÞβ0�ð1 − τ0ΔtÞ; (23)

ΔT1ðiÞ ¼ ½ΔT1ði − 1Þ þ ΔTðiÞβ1�ð1 − τ1ΔtÞ; (24)

where ΔTðiÞ is the temperature difference which must be
balanced, τ0 and τ1 are the material specific time constants,
and β0 and β1 are the material specific weighting factors.

The temperature difference ΔTðiÞ is defined as

ΔTðiÞ ¼ TpredðiÞ − TeqðiÞ (25)

with:

TpredðiÞ ¼ fði− 1ÞTSunðiÞ þ ½1− fði− 1Þ�TShadowðiÞ: (26)

5.2 Implementation on Graphics Processing Unit

Our implementation is based on shadow mapping4 in com-
bination with PCSS.6 The idea of shadow mapping is to
replace a ray—geometry intersection by a comparison of

Fig. 7 Sun and shadow temperatures that will be used to calculate the
equilibrium temperature. Note that the sun and shadow temperatures
drift apart due to a heat transfer between lower layers and the surface.
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depth values. The 3-D geometry in a simulated scene is first
rendered from the light position and the depth values are
stored in a depth map for each pixel. The 3-D geometry
is then rendered again from the observer position, the
depth values are transformed into the light coordinate system
and compared with the depth values stored in the depth map.
A point is in shadow if the value in the depth map is smaller
than the transformed depth value of the observer position.

For our case, this approach has the following advantages
compared with ray-tracing or radiosity-based solutions. First,
due to the hardware rasterization of graphics cards, the
shadow calculation with shadow mapping is faster than ray-
tracing or radiosity, especially for soft shadows. Second,
shadow mapping allows dynamic geometry without the nec-
essary update of acceleration structures for ray-tracing.
Furthermore, shadow mapping-based approaches calculate a
shadow factor for each pixel in a viewport. Therefore, the
scene must not be tessellated into patches such as in radio-
sity-based solutions.

The implementation consists of two additional textures
that store the contribution of the exponential functions
ΔTi, the previous shadow factor fði − 1Þ, and the change
in the equilibrium temperature ΔTeq. We use one texture
for the input of the previous calculations and the other texture
to store the results. The textures are swapped after each
calculation.

Figure 8 shows an overview of our implementation. In
each frame, we perform the thermal simulation with a pre-
defined number of iteration steps, e.g., 10 iteration steps for a
20-min simulation with a dt of 2 min. The number of iter-
ation steps as well as the time step are user parameters that
can be adapted based on the scenario. After the thermal sim-
ulation, the resulting temperatures are read in and converted
to radiance values using the Stefan–Boltzmann law.

In each iteration of the thermal simulation, first, the emit-
ter position is updated based on the current time step in order
to allow dynamic emmiters such as the sun. A shadow map is
rendered from the emitter position. The scene is then ren-
dered from the observer position and a shadow factor
with PCSS is calculated. Finally, for each visible pixel,
the previous results from the input texture are read in, the
equilibrium temperature is calculated, and the contributions
of the two exponential functions are accordingly adapted.
Additionally, the temperature in Eq. (20) is calculated.

The required parameters such as the current sun and shadow
temperatures are stored in textures.

5.2.1 Dynamic geometry

The integration of dynamic geometry is straightforward. We
assume that the state of the dynamic objects does not change
within a simulation step dt. In order to enable dynamic
objects, we apply the corresponding time-dependent trans-
formation for each object in each iteration step.

5.2.2 Performance improvements

A bottleneck in our algorithm is the number of scene-render-
ing passes in the simulation. For each iteration step, we ras-
terize the scene twice—once for the shadow map and once
again for calculating the depth values from the camera posi-
tion which will be used for the shadow test. In order to
reduce the number of scene-render passes, we reuse the
shadow map and the depth values from the camera position
for successive sample points. This can be realized by a con-
volution of the shadow map filter kernel with the emitter tra-
jectory, which results in an elliptical filter kernel. However,
the evaluation of this filter kernel can be expensive. Instead,
we use the following approximation. We assume that the
change in the emitter position is small between two sample
points, and therefore the parallax angle between two succes-
sive samples is small. This allows us to use PCF (Ref. 5) to
offset the texture coordinates for the shadow map access.
We calculate the texture offset for PCF similar to Agrawala
et al.:21

Δp ¼ Δv

z
znear;

where Δv is the distance between two emitter positions in
view coordinates, z is the pixel’s depth value, and znear is
the camera’s near plane.

Fig. 8 Overview of our implementation. In each frame, we perform the
thermal simulation and display the result. The steps of the thermal
simulation are repeated for each iteration of the simulation.

Fig. 9 Result of the approximation in the measurement scene with a
simulation time of 45 min starting from 10:12 am. The magenta rec-
tangles mark the used areas for the computation of the mean temper-
atures. Note that the absolute temperatures are different compared
with the measured data in Fig. 3, because in the simulation not all
data of the measurement was well known.
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6 Results

6.1 Visual Results

In order to test our approximation, we created a synthetic 3-D
scene that corresponds to our measurement setup. Figure 9
shows a false color image of the thermal shadow cast by a
box object at a time of 2700 s after the appearance of the
shadow. The narrow zone of the temperature gradient at

the leading edge (direction in which the shadow moves
with time) and the broad transition zone at the trailing
edge can clearly be seen. Figure 10 shows the result of
the simulation in a scene with dynamic geometry. The
plane is moved after 20 min from the parking space on
the right to the left, and the thermal shadow is still clearly
visible.

The reuse of shadow maps can lead to a stepping pattern
in the shadow when the change in the emitter position
between two shadow maps is large. In our test cases, we
observed that the four iteration steps using the same shadow
map are acceptable. Figure 11 shows the visual differences
when reusing shadow maps in the Box scene for a time
step dt ¼ 2 min.

6.2 Accuracy

In Fig. 12, the temperature difference between a sunlit area
and an area in the core of the shadow is compared with the
measured values and the values determined with the numeri-
cal simulation using RadTherm. The simulated behavior of
the shadow temperature complies well with the measured
data. The analysis in Sec. 3.1 showed that the data needed
for the simulation of thermal shadows depend on the layer
composition of the surface, the layer material parameters,

Fig. 10 Thermal shadow of a plane on an asphalt road. The thermal
shadow is clearly visible even after the plane has been moved from
right to left.

Fig. 11 Visual results in comparison with the number of reused shadowmaps. (a) Result with no shadow
map reusing. (b) Result with shadow maps reused for four iteration steps. (c) Absolute difference image
between (a) and (b). Blue denotes a low error and red a higher error.

Fig. 12 Difference between shadow and sun temperatures for the measured data, RadTherm solution
and the proposed approximation. The image on the right-hand side shows the used regions in the
approximation result for the comparison.
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and the weather history. Some of these data usually are not
known for a real scene, e.g., the layer composition. There-
fore, the reproduction of thermal shadow effects of a real
scene can be very difficult to validate and compliancy may
be achieved by variation of the unknown data. However, the
implemented algorithm within the simulation of the test case
presented in this article showed realistic and accurate results
by using proper input data based on measurements and ther-
mal balance calculations.

In order to estimate the error, we compared our approxi-
mation against a numerical solution of the Fourier series with
100 terms. Similar to Grigull et al.,16 we varied the Biot- and
Fourier numbers and calculated the absolute difference
between the Fourier series and our approximation with
two exponential functions. We assumed a linear temperature
profile in the layer with θð0; ξ ¼ 0Þ ¼ 0.5ξþ 0.5. Figure 13
shows the resulting dimensionless temperature curves as well
as the absolute error compared with the Fourier series. The
plots show that our model provides an accurate approxima-
tion for Biot numbers Bi < 1.0 with an absolute error ≤0.03.
On the other hand, for Biot numbers Bi ≥ 1.0, our approxi-
mation performs with a absolute error <0.09. For our
case, this error is acceptable. As we convert the resulting

temperatures to radiance values, the difference between
the reference solution and our approximation results in a
minor difference in the contrast of the IR image. How-
ever, this is negligible for the validation of tracking algo-
rithms as the general impression of the shadows is preserved.

6.3 Performance Results

In this section, the performance using the test scenes (Figs. 9
and 10) is analyzed. The screen resolution was 1024×
768 pixels and the shadow map size 1024 × 1024. We
used eight samples for the occluder search and 32 Poisson
samples for filtering in PCSS. Table 2 shows the perfor-
mance of the test scenes. The results show that the perfor-
mance of our implementation is bounded by the shadow
tests occurring in each iteration. The performance decreases
nearly linear with the number of iteration steps. On the other
hand, a performance increase can be observed when shadow
maps are reused within successive iteration steps (Table 3).
The performance results were obtained on an Intel i7-3820
CPU with 3.6 GHz, 16-GB RAM, and a NVIDIA GeForce
GTX Titan graphics card with 6144-MB memory.

Fig. 13 Difference between a numerical solution of the Fourier series (solid line) and our approximation
with two exponential functions (stippled line). The x -axis is scaled logarithmically. The plot at the bottom
shows the resulting absolute errors.

Table 2 Performance results in milliseconds and frames per second.

Scene Δt (min) Number of iteration steps ms (FPS)

Box 2 23 7.1 (141)

Box 5 10 2.9 (345)

Plane 2 23 6.9 (145)

Plane 5 10 2.9 (345)

Table 3 Performance results when reusing shadow maps in the Box
scene with dt of 2 min.

Shadow map reused in number of iteration steps ms (FPS)

1 7.1 (141)

2 4.7 (213)

3 4.0 (250)

4 3.6 (278)
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7 Conclusion and Future Work
In this article, we presented an approximation for real-time
simulation of thermal shadows resulting from the occlusion
of direct rays from IR emitters. We derived an approximation
of the thermal behavior of a surface based on the thermal
balance equations and validated it using measured infrared
images. Our model approximates the short- and long-time
thermal behaviors of a surface with two exponential func-
tions. Although the long-time behavior can be represented
by the first term of the Fourier series, the parameters of the
short-time behavior are determined by fitting the model to
the results of an accurate numerical simulation using a non-
linear least-squares approach. The results as well as the error
estimation showed that our model can represent the mea-
sured data as well as the accurate numerical simulation with
an acceptable accuracy.

We further presented an algorithm to incorporate the pro-
posed thermal model into an infrared 3-D image generation
system. In contrast to existing solutions which operate on
polygons, we modify the thermal contribution for each vis-
ible pixel by utilizing soft shadow algorithms. The results
showed that this approach is suitable for real-time simula-
tions of scenes with dynamic 3-D geometry.

In future works, we wish to investigate how fast changing
weather conditions can be incorporated into our approxima-
tion. Furthermore, we wish to investigate whether there is a
more accurate approximation for the short-time behavior.
Finally, we wish to extend our algorithm for thermal shadows
resulting from the occlusion of indirect rays.
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